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We propose a generalized Skyrme-Faddeev type theory with an additional scalar field. In a special
case of model parameters one has a theory which admits exact knot solutions given by a class of
exact toroidal solitons from Aratyn-Ferreira-Zimerman (AFZ) integrable CP 1 model. In a general
case the theory admits an exact knot solution for a unit Hopf charge. For higher Hopf charges we
perform numeric analysis of the solutions and obtain estimates for the knot energies using energy
minimization procedure based on ansatz with AFZ field configurations and with rational functions.
We show that AFZ configurations provide a better approximate solutions. The corresponding knot
energies are in a good agreement with a standard law for the low energy bound, EH ' Q3/4H .
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Since invention of the original Skyrme theory [1, 2] a
great development towards its generalizations and appli-
cations in description of baryons has been made [3–5].
Topological solitons in that theory, so called Skyrmions,
have been constructed numerically for a wide range of
baryon numbers [6, 7]. The Skyrme-Faddeev theory
[8, 9] represents another kind of effective theories which
supposed to be induced from quantum chromodynamics
(QCD) in low energy regime. The theory possesses topo-
logical knot solitons classified by the homotopy group
pi3(CP
1) = Z, i.e., by the topological Hopf charge. It is
proposed to interpret such knot solutions as color elec-
tric and color magnetic glueball states [8, 10–13]. One
should notice, that derivation of a strict expression for a
low energy effective action from the basics of QCD is an
extremely difficult problem [14–16]. So far there exists
a number of various extended Skyrme-Faddeev models
where some exact and numeric knot and vortex solutions
have been found [17–20].
In the present paper we consider an extended Skyrme-
Faddeev model with an additional scalar field. In general
the low energy effective action of QCD contains scalar
fields [10] which originate from unknown coefficient cor-
relation functions in the effective action and play roles
of order parameters in the effective theory [14]. We con-
sider a minimal extension of the Skyrme-Faddeev theory
to find out a model which is similar to the Skyrme theory,
and, at the same time, inherits properties of integrable
CP 1 models.
So far, all known topological solutions in (3+1) Skyrme
type models are obtained numerically except the original
Skyrmion soliton [1]. Some exact vortex solutions have
been obtained in a generalized Skyrme-Faddeev theory
for a special set of model parameters which imply the
existence of integrable submodel in the theory [17–19].
A family of exact analytic knot solutions with toroidal
configuration have been constructed in special integrable
CP 1 models [21, 22]. Unfortunately, physical applica-
tions of such solutions in QCD remain unclear. We pro-
pose a Skyrme-Faddeev-type model which admits exact
knot solutions and which can give some hints towards
constructing a more realistic low energy QCD effective
theory.
Let us consider an extended Skyrme-Faddeev model
defined by the following Lagrangian
L(φ, nˆ) = −µ2(∂µφ)2 − β
4
φ2(∂µnˆ)
2 − ν
32
1
φ2
H2µν −
ξ
32
1
φ2
(∂µnˆ)
4, (1)
where nˆ is a unit triplet field in adjoint representation of
SU(2) color group, i.e., CP 1 field, φ is a real scalar field,
and Hµν is a magnetic field defined as follows
Hµν = 
abcnˆa∂µnˆ
b∂ν nˆ
c, (2)
µ, β, ν, ξ are model parameters. The first two terms in
(1) coincide with respective first two terms in the orig-
inal Skyrme Lagrangian after proper changing variable
for the scalar field. The last term in the Lagrangian ap-
pears in the one-loop effective action of standard QCD
as it was shown in [14, 16]. The topological content of
the theory is determined by the CP 1 field nˆ realizing
the Hopf mapping. One has two non-trivial homotopy
groups, pi2(CP
1) = Z and pi3(CP
1) = Z, which clas-
sify all non-equivalent topological classes of nˆ by the
monopole and Hopf charges respectively. Like Skyrme
theory, the model defined by the Lagrangian (1) reduces
to the Skyrme-Faddeev theory in the limit of constant
scalar field and ξ = 0. So that, our model admits knot so-
lutions and a singular Wu-Yang monopole solution given
by the hedgehog configuration nˆ =
~r
r
.
Using stereographic projection it is convenient to in-
troduce a complex function u(x) which parameterizes the
two dimensional sphere S2 ' CP 1. As usually, we as-
sume that three-dimensional space R3 is compactified to
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2a three-sphere S3 by imposing appropriate boundary con-
ditions at space infinity. With this one has the following
expression for the field nˆ in terms of the complex function
u(x)
nˆ =
1
1 + u
∗
u
 u+
∗
u
−i(u− ∗u)
u
∗
u −1
 . (3)
The magnetic field Hµν can be written explicitly in terms
of u as well
Hµν =
−2i
(1 + |u|2)2 (∂µu ∂ν
∗
u −∂νu ∂µ ∗u). (4)
Since the magnetic field Hµν represents a closed differen-
tial two-form, one can find a corresponding dual Abelian
magnetic potential C˜µ
Hµν = ∂µC˜ν − ∂νC˜µ. (5)
The Hopf and monopole charges for a given mapping u(x)
can be calculated as follows (i, j = 1, 2, 3)
QH =
1
32pi2
∫
d3xijkC˜iHjk,
gm =
∫
S2
Hijdσ
ij . (6)
Let us remind the main result obtained in study of
Aratyn-Ferreira-Zimerman integrable model [22]. The
Lagrangian of AFZ model is given by
LAFZ = −η0(H2µν)
3
4 . (7)
The model possesses a family of exact knot solutions with
a Hopf charge QH = mn expressed in terms of two wind-
ing numbers (m, n). For our further purpose it is suitable
to rewrite the analytic solutions of AFZ model in spheri-
cal coordinates. In the case of equalled winding numbers,
m = n, the solution reads
u =
eimφ
2ar sin θ
(2ar cos θ − i(a2 − r2)) ·(
2ar cos θ − i(a2 − r2)√
(a2 + r2)2 − 4a2r2 sin2 θ
)m−1
, (8)
where a is a free parameter characterizing the size of the
knot. In the case of m 6= n an exact knot solution takes
the form
u = einφ
(2ar cos θ − i(a2 − r2)
d
)m
·(
−
a2 + r2 −
√
n2d
m2 + 4a
2r2 sin2 θ
a2 + r2 −
√
d+ 4m
2a2r2 sin2 θ
n2
) 1
2
,
d ≡ a4 + r4 + 2a2r2 cos(2θ). (9)
Let us consider first a special case of a reduced La-
grangian obtained from (1) by setting a condition β =
0. In this case one can find exact knot solutions with
Hopf charges determined by equalled winding numbers,
QH = m
2. By explicit calculating we have checked
for Hopf charges QH corresponding to winding numbers
m = n = 1, 2, ..., 6 that field configurations (8) and the
scalar field given by
φ =
c0√
a2 + r2
, (10)
provide exact solutions to all equations of motion under
the following constraint
µ2 − 8m
2(ν + 4ξ)
3a2
= 0. (11)
The integration constant c0 in (10) is fixed by boundary
condition for φ at the origin. In analogy with the Skyrme
theory we will impose the following boundary conditions
for the scalar field
φ(r = 0) = 1, φ(r =∞) = 0. (12)
This implies c0 = a. The constraint (11) allows to deter-
mine the knot size parameter
a2m =
8m2(ν + 4ξ)
3µ2
. (13)
A corresponding energy density of the solution is
Em = 8m
2(ν + 4ξ)(r2 + 3a2m)
3(a2m + r
2)3
. (14)
Integrating the energy density over space results in the
following expression for the total energy of the soliton
Em = 4pi
2µQ
1
2
H
√
3
8
(ν + 4ξ). (15)
Notice, the energy of the knot is proportional to Q
1
2
H , this
is contrary to the usually expected dependence of the low
energy bound on the Hopf charge, Ebound ' Q3/4H , found
in a non-linear sigma model [23]. It would be interest-
ing to find exact solutions for the Hopf charge given by
non-equalled winding numbers, m 6= n, to verify whether
the energy of knot solitons in that case will have a total
energy expressed by the same equation (15).
Let us consider a general case when the parameter β
does not vanish. By direct calculating all equations of
motion one can check that an exact analytic solution with
a unit Hopf charge, QH = 1, is given by the same expres-
sions (10, 8) for m = n = 1 and when the following
condition is fulfilled
3
8
µ2 + β − ν + 4ξ
a2
= 0. (16)
3If we keep the model parameters µ, β, ν, ξ arbitrary the
condition will fix the value of the knot size
a21 =
ν + 4ξ
3
8
µ2 + β
. (17)
It is easy to write down explicit expressions for the com-
ponents of the magnetic field
Hrθ = − 32r
2 sin θ
(a2 + r2)3
,
Hθφ = −8r
2 sin(2θ)
(a2 + r2)2
,
Hrφ = −8r(a
2 − r2)(1− cos(2θ)
(a2 + r2)3
. (18)
Vector field lines of the magnetic field projected onto the
planes XOZ and XOY are depicted in Figs. 1,2 (in
cartesian coordinates x, y, z). One can verify that mag-
netic fluxes through the circle of radius ”a” in the plane
z = 0 and through the half plane y > 0 are quantized
with a factor 4pi which is twice larger than a correspond-
ing factor of magnetic flux quantization in the Maxwell
theory
Φm =
∫
Hrφdrdφ = 4pim,
Φn =
∫
Hrθdrdθ = 4pin. (19)
So, the Hopf charge QH = mn provides the linking num-
ber for the magnetic field which has a helical toroidal
structure.
One can calculate the energy density for the knot with
a unit Hopf charge
E1 = a
2
1(8(βa
2
1 + 4ξ + ν) + µ
2r2)
(a21 + r
2)3
. (20)
This implies the total energy
E1 = 4pi
2
√
(β +
3
8
µ2)(ν + 4ξ). (21)
Surprisingly, as it was observed first in [21], the knot
configuration has a very nice feature. Even though the
magnetic field possesses a toroidal topology, the energy
density is completely spherically symmetric (see Fig. 2a).
For higher Hopf charges, QH > 1, numeric analysis im-
plies that solution for the scalar field φ is not spherically-
symmetric. To find approximate knot solutions with
higher Hopf numbers we apply minimization procedure
for the energy functional. A key point is how to find a
proper ansatz for the function u(x) which could provide
a minimum energy for a chosen Hopf charge. We ap-
ply first the ansatz for u(x) given by AFZ configurations
(9). To find a dominant contribution to the energy we
introduce the following ansatz for the scalar field φ
φ =
c1√
c22 + r
2
+
c3√
c24 + r
2
sin θ, (22)
(a) (b)
FIG. 1: Vector lines of the magnetic field projected onto the
planes y = 0, (a), and z = 0, (b).
where c1, c2, c3, c4 are variational number parameters.
We set the values of the model parameters in the La-
grangian (1) to (ξ = 0, β = 0.33, µ = 1, ν = 1.5). With-
out loss of generality we put ξ = 0 since the presence of
the last term in (1) does not change a qualitative pic-
ture of the solution structure. Minimization of the en-
ergy with the ansatz based on AFZ solutions leads to the
following estimates for the total energy and knot size pa-
rameter a given in Table I. One can see that dependence
of the knot energy on Hopf charge is in a good agreement
with the low energy bound found in [23]
Ebound = E1Q
3/4
H . (23)
A significant discrepancy appears for knots with Hopf
charge defined by equalled winding numbers, QH = m
2.
For instance, for Hopf charge QH = 4, m = n = 2 the en-
ergy minimization procedure with the ansatz (8,10) pro-
duces energy value E4(m = n = 2) = 105.7 which is less
than a respective low energy bound. This is caused by
the essential feature of the AFZ configurations, namely,
by the spherical symmetry of the energy densities for
m = n = 1, 2 (see Figs. 2a, 2d).
Let us now consider the ansatz with rational functions
u(z1, z2) which was successfully applied in the Skyrme-
Faddeev model [25]. The ansatz starts with the definition
of mapping R3 → SU(2) ' S3
z1 =
x1 + ix2
r
sin f(r),
z2 = cos f(r) + i
x3
r
sin f(r), (24)
where f(r) is a trial function, and the complex coordi-
nates z1, z2 describe the sphere S
3 imbedded into the
complex plane C2
|z1|2 + |z2|2 = 1. (25)
A class of toroidal knot configurations of type Am,n with
a Hopf charge QH = mn is defined by the rational func-
tion [25]
u =
zm2
zn1
. (26)
4(m,n) QH Ebound EAFZ aAFZ Erat
(1,1) 1 40.6 40.6 1.46 41.6
(1,2) 2 68.3 67.28 2.0 68.3
(2,1) 2 68.3 67.26 2.03 75.0
(1,3) 3 92.5 96.9 1.53 107.8
(3,1) 3 92.5 98.8 0.51 116
(1,4) 4 115 129 1.49 149
(4,1) 4 115 133 0.50 164
(2,2) 4 115 105.7 0.57 123
TABLE I: Energy and knot size values for Hopf charge QH =
mn. Values for the model parameters are β = 0.33, µ =
1, ν = 1.5, ξ = 0.
We choose a following profile function f(r) in the interval
(r0 = 0.01, rf = 100) satisfying the boundary conditions
f(r0) = pi and f(rf ) = 0
f(r) =
pi(rf − r)(1 + b0(r − r0)
rf − r0 e
−b21(r−r0), (27)
where b0, b1 are variational parameters. The profile func-
tion for the scalar field is defined in the form
g(r, θ) =
( c0√
a20 + r
2
+
c1r
c22 + r
2
sin θ
)rf − r
rf + r
, (28)
where c0, a0, c1, c2 are variational parameters, and we
keep only a leading term with angle dependence. The
boundary conditions for g(r, t) in the interval (r0, rf ) are
fixed by the requirement of finiteness of the total energy
g(0, θ) = const, g(∞, θ) '
(1
r
)α≥1
. (29)
We minimize the energy functional and find the profile
functions f(r), g(r, θ). Respective energy density plots
are depicted in Fig. 3. The energy values of knots are
presented in Table 1, the last column Erat.
Surprisingly, comparison of the results obtained by us-
ing energy minimization with the rational profile func-
tions with the results obtained by using AFZ configu-
rations implies that exact knot solutions of AFZ inte-
grable model provide good approximate analytic solu-
tions for our model. Notice, numeric analysis demon-
strates that one has an essential qualitative difference
between approximate variational solutions obtained with
AFZ field configurations and with rational functions, (see
Figs. 2,3). In the case of use of the rational function
ansatz the energy densities for any Hopf charge are not
spherically symmetric. Notice, the Lagrangian (1) has
another interesting limiting case with a constrained set of
the model parameters. When the parameters ν = ξ = 0
one has a special model without any dimensional param-
eters while possessing a static solution given by (8, 10),
QH = 1, with an additional constraint
3
8
µ2 + β = 0. (30)
(a) m = n = 1 (b) m = 1, n = 2
(c) m = 2, n = 1 (d) m = n = 2
FIG. 2: Energy density plots with AFZ ansatz for Hopf charge
QH = mn
(a) m = n = 1 (b) m = 1, n = 2
(c) m = 2, n = 1 (d) m = n = 2
FIG. 3: Energy density plots with rational functions ansatz
for Hopf charge QH = mn
The parameter a remains a free parameter. The solution
has a spherically symmetric energy density
E0 = a
2µ2(r2 − 3a2)
(a2 + r2)3
. (31)
One can easily verify that a total energy vanishes identi-
5cally, so the solution represents a non-trivial zero mode.
A similar solution exists in a special critical case in
an extended Skyrme-Faddeev model considered in [24].
It would be interesting to study possible physical im-
plications of such models especially in description of
monopoles.
In conclusion, we have proposed a generalized Skyrme-
Faddeev model with an additional scalar field. The model
admits an exact knot soliton with a unit Hopf charge and
inherits main features of the Aratyn-Ferreira-Zimerman
integrable CP 1 model. Namely, our numeric analysis
shows that AFZ knot configurations provide approximate
analytic knot solutions with high symmetric properties.
Notice, that the CP 1 field nˆ realizes another non-trivial
topological mappings classified by the second homotopy
group pi2(CP
1) = Z, i.e., by the monopole charge. Since
the model admits the Wu-Yang monopole as a singular
solution, and there is an additional scalar field φ which
can regularize the solution structure, it would be inter-
esting to study possible finite energy monopole solutions.
As it was suggested before, the Skyrme-Faddeev theory
and its various extensions can represent low energy ef-
fective theories of QCD. Construction of a consistent ex-
tended Skyrme-Faddeev model for description of mesons
and glueballs is an important issue in modern hadron
spectroscopy.
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